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Abstract  

A class of asymptotically Euclidian space-times is shown to exist for which the 
Sehwarzschild mass is equal to zero_. The coordinate atlases of these space-times satisfy 

. . • Ok F o /k  F ~  oi T twoaddltionalcond1~lons:~(-gg )=0and ikaog - ikaog =0. Ina - 
orthogonal metric ds =goQdt 2 -g~Bdxa dx~ these conditions take a simple form: 
a0(det ga~) = 0 and (aog~P)(Boga~) = O. 

1. Introduction 

In most papers on general relativity in which the problem of energy 
momentum was considered (Lorentz, 1915, 1916; Gilbert, 1915, 1924; Einstein, 
1916; Klein, 1917, 1918; Weyl, 1917, 1918; and additional references in the 
papers of Be ssel-Hagen ( 1921), Eddington (1923), Tolman ( 1930, 1934), Born 
(1937), Pauli (1941), Iskraut (1942), de Wet (1947), SchrSdinger (1948, 
1951), Bergmann et  al. (1948-1956), Hill (1950,  Gotdberg (1953, (1958), 
Trautman (1956, 1964), M¢ller (1958, 1959, 1961), Mitskevich (1958)and 
Fletcher (1960)) the 'energy' was defined with the generalised 'energy- 
momentum' complex ('pseudo-tensor'). It  is known that integral quantities 
obtained with the generalised complex have no definite transformation 
properties. The generalised complex is a generalisation, for the case of a con- 
tinuous medium of the notion of generalised momentum which, in the usual 
case, has no relation to the usual energy-momentum vector. The physical 
sense of the generalised complex depends on the choice of a particular 
coordinate atlas. Therefore the appearance of the Lorentz (1916c, d) paradox, 
considered also by Schr6dinger (1918), Bauer (1918) and Mq~ller (1964), is 
not astonishing. It is not amusing when some authors obtain negative values 
for the gravitational wave 'energy' (Hu, 1947; Peres, 1959; Havas & Goldberg, 
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1962; Sexl, 1966; Petrov, Piragas & Dobrovolsky, 1968), and others obtain 
a zero value (Brdicka, 1951; Infeld, 1953, 1956, 1959;Sheidegger, 1951, 
1953, 1955; M~bller, 1958b; Trautman, 1958a and b; Pirani, 1961; Misner, 1963; 
C ahen & Sengier-Diels, 1963; Langer, 1963; Kuchar & Langer, 1963; Shirokov, 
1972; Folomeshkin, 1970), and many others obtain a positive value. 

Folomeshkin (1967, 1969, 1971, 1972), Ray (1968) and Plybon (1971) 
considered the covariant formulation of the differential conservation laws in 
Riemannian space. (As Pauli (1921) noted, 'in the general case and in the 
principal problems of a theory general covariance is necessary'). It follows 
from this formulation that the canonical energy-momentum tensor of gravita- 
tional waves is equal to zero (Folomeshkin, 1967, 1969, 1971). Therefore it 
seems possible that in some cases the Schwarzschild mass (S-mass) of an 
asymptotically Euclidian system of gravitational waves can be equal to zero. 

Brill (1959), Araki (1959), Arnowitt, Deser & Misner (1960), Brill, Deser 
& Faddeev (1968) and Brill & Deser (1968) have shown that the S-mass of 
asymptotically Euclidian space-time without source (T~ = 0) is positive 
(m >/0). The weak features of the derivations of these results (the assumption 
that the usual extremum theorems for functions are also valid for functionals, 
the assumption that there exist non-trivial asymptotically Euclidian solutions 
which are non-singular, use of the weak field approximation, use of a particular 
coordinate atlas) were noted by the authors themselves. 

In the preceding paper (Folomeshkin, 1974) I have shown that there exists 
a class of asymptotically Euclidian space-times for which m = 0 in the t- 
symmetrical case, i.e. when ~ogik = 0. The coordinate atlases of this class of 
space-times satisfy a simple additional condition (in the t-orthogonal metric) 
bo(det gap) = 0. The coordinate atlas of Weyl-Levy-Civita which was used, 
for example, by Brill (1959) does not satisfy this condition. 

The results of Brill (1959) and Folomeshkin (1974) show that the choice 
of some additional 'coordinate' conditions determines not only the coordinate 
atlas but the space-time also, i.e. some class of the solutions of the Einstein 
equations which transform one into another under the isometries of the con- 
nected four-dimensional para-compact Hausdorff pseudo-Reimannian manifold 
with a normal signature ( + - - - ) .  

In the present paper I will show that a more general class of the asymptoti- 
cally Euclidian space-times exists, for which the S-mass is equal to zero when 
~ = 0 .  

It is necessary to underline that this result does not prohibit the existence 
of the different non-isometric (but asymptotically Euclidian also) space- 
times with a non-zero value of the S-mass when T/k = 0. And this result does 
not mean that: (1) the space-time is flat; (2) the gravitational waves are non- 
detectable; (3) the energy of the source (detector) of the gravitational waves 
is not changed in the process of the emission (absorption) of the waves. The 
mechanical effect of the gravitational waves is determined by the curvature 
tensor and has no direct relation to the S-mass (energy) of the gravitational 
waves. 
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2. Definition of the S-Mass 
The scalar curvature can be divided into two parts, R = G + 3kcok/V/(--g), 

where G = g/k(pnm I ' ~  - Vmmp~) and co g = X/(-g)(gmnp~n -ggnpnmm). In 
the arbitrary coordinate system the equations 8rrT~ = R~ - 8~R/2 can be 
written in the form 

8zr~/(_g)(T]C 6~T/2) = _3nLgin + (3icog 3 N / ( - g ) G  mn ~ / + 3 ~  n gi ) 2 

k n _  m n  Ic m n where gmn = aig'" and L i - X/(-g)(g Pirn - gX Pim)/2. In the static case 
we have 

8rrv/(-g)(To ° - T/2) = - aaL °a, (a = 1,2, 3) (2.1) 

Assuming that as r -+ oo we have an asymptotically Euclidian metric, e.g. 
in the standard form 

d$ 2 = ( 1  - -  2m/r) dt 2 - dr=/(1 - 2m/r) - rZ(dO 2 + sin 2 0 d~o 2) (2.2) 

we obtain that 

and therefore 

1 f3aLo~dV=m 4~r 

m = 2 f (T~o - T/2)X/(-g) dV 

(2.3) 

This is a well-known result (Nordstr6m, 1918; Tolman, 1930; Whittaker, 
1935;Ruse, 1935; Klark, 1947 and Papapetrou, 1947). Equations (2.3) and 
(2.4) are the generalisation to the non-Euclidian space-time of the usual 
Gauss theorem (Whittaker, 1935). 

We will consider equations (2.2)-(2.4) as the definition of the S-mass of an 
asymptotically Euclidian system. 

For an arbitrary non-static system we have, instead of equation (2.1), 

-3aL°C~ = 8rrvl(-g)(T°- T/2) - (3o  co° ÷ ~N/(-g)G~ gomn ~ / 

and instead of equation (2.4) 

1 ( 3%/(-g)G mn~ m=2 f ( r  ° - v / 2 ) x / ( - g ) d V - G ~  30000 + ~ go ] d V  (2.5) 

3. S-Mass and Generalised 'Energy-momentum' Complex 
Equation (2.5) is simply the integral form for one of the Einstein equations 

in the asymptotically Euclidian case. It is interesting to compare equality (2.5) 

(2.4) 
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with the definition of mass with a generalised complex ~ (for example, with 
the Einstein complex) 

.=  f (to °+ t°)x/(-g)dV (3.1) 

Let us substitute in the right-hand side of equation (2.5), instead of 
(T ° - 7), its expression according to the field equations. We obtain 

if m = f (T  ° + t ° )~ / ( -g)  d V -  ~ aa( t  °a - wa/2) dV 

We see that the quantity/2 defined with equation (3.1) where ff is the 
Einstein complex is not equal to the S-mass of the system and differs from 
it by the quantity 

,f A =m --I~= - - -~  3 ~ ( L p -  o f f /2 )dV 

If we calculate A in different asymptotically Euclidian coordinate systems 
we will find that the quantity A will depend on the coordinate atlas and can 
have any value. This known 'paradox' means that the quantity/~, defined 
according to equation (3.1), has no relation to the S-mass of the system in 
the general case. 

4. S-Mass o f  an A symp to tically Euclidian System o f  Gravitational Waves 

The Einstein equations are known to be invariant under arbitrary isometric 
diffeomorphisms of space-time. Therefore, in the general case, we can impose 
some additional conditions on the components of the metric tensor. One of 
the known subsidiary conditions is the set of harmonic conditions (De Donder, 
1921; Lanczos, t923; Fok, 1961) bi(X/(-g)g ik) = 0. Other possible subsidiary 
conditions of this type are as follows: 

  (_ggik) = 0 (4 .1 )  

The S-mass of the t-symmetrical asymptotically Euclidian space-time with 
T~ = 0, the coordinate atlas of which satisfies conditions (4.1), is equal to zero 
(Folomeshkin, 1974). This result is valid also for a more broad class of space- 
times. The coordinate atlases of these space-times satisfy one subsidiary 
condition only 

ak(-gg °k) = 0 (4.2) 

When considering a more general case of the asymptotically Euclidian space- 
time without source, it is naturally to choose subsidiary conditions which for 
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the t-symmetrical moment of time come to condition (4.2) or (4.1). We choose 
two subsidiary conditions: condition (4.2) and condition 

k - r aog o (4.3) 

In the t-orthogonal metric 

ds2 =goo dt2 - g~# dxa dx~ 

conditions (4.2) and (4.3) take simple forms: 

~o(detga~) = 0 and (~oga~)(~ogat~) = 0 

Any asymptotically Euclidian coordinate atlas satisfies condition (4.3) in 
the limit r --> oo and can easily be transformed to the form which satisfies 
condition (4.2), i.e, these conditions are consistent with the asymptotically 
Euclidian character of the space-time. 

For the class of coordinate atlases which satisfy conditions (4.2) and (4.3) 
equation (2.5) takes the simple form (2.4) and we obtain 

m = 0 when T/k = 0 (4.4) 

Condition (4.3) may be considered as some form of generalisation of the 
time-symmetry initial condition bog/g = 0. 

5. Conclusion 

We have shown that there exist a class of asymptotically Euclidian space- 
times for which m = 0 when T/k = 0. This result does not prohibit the existence 
of  other non-isometric space-times with a non-zero value of the S-mass when 
T/g = 0. A specific example of such non-isometric space-time is presented by 
Brill (1959). 

Another simple example, when the solutions of the Einstein equations 
corresponding to different 'coordinate' conditions correspond, in reality, to 
different non-isometric space-times, is the known solutions for the static 
gravitational field of a point particle in the vacuum: the standard Schwarzschild 
solution (S), the harmonic solution (H), the isotropic solution (I), the axially 
symmetric Weyl solution. The S-metric is the isometric extension of  the H- 
metric, and the region r < m of the S-metric is placed beyond the boundaries 
of the space-time with H-atlas (it corresponds to negative values of the radius 
in the H-metric). The/-space RI+(r) = {x E RI[  r >i 0} is mapped (twice) in 
the proper subset RSm (r) = {x ~ R s I r >t 2m} of the S-space and in the proper 
subset R H of the H-space. The regions r < 2m in the S-space and r < m in the 
H-space lies beyond the boundaries of the/-space. These space-times are there- 
fore different non-isometric space-times. 

This simple example shows that in the general case the additional conditions 
are not 'coordinate conditions' but space-time conditions. 

As we have already noted, the equality to zero of the S-mass of the space- 
time without source does not mean that the energy of the source (receiver) 
is not changed in the process of emission (absorption) of the gravitational 



174 V.N. FOLOMESHKIN 

waves. Many authors (Bondi, 1957; Bondi, Pirani & Robinson, 1959; Bonnor, 
1959; Bondi, van der Burg & Metzner, 1962; Newman & Unti,  1962; Sachs, 
1962; Bonnor & Rotenberg,  1961, 1966; Tamburino & Winicour, 1966; Roten- 
berg, 1972) have shown, without  use of  the notions 'energy-momentum 
pseudo-tensor '  or 'energy'  o f  the gravitational waves, that  the S-mass o f  the 
source (receiver) is changed in the process o f  the emission (absorption) of  the 
gravitational waves. 
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